Abstract. Detailed study of thermalization of the momentum spectra of partons produced via decays of the color flux tubes due to the Schwinger tunneling mechanism is presented. The collisions between particles are included in the relaxation time approximation specified by different values of the shear viscosity to entropy density ratio. At first we show that, to a good approximation, the transverse-momentum spectra of the produced patrons are exponential, irrespectively from the assumed value of the viscosity of the system and the freeze-out time. This thermal-like behaviour may be attributed to specific properties of the Schwinger tunneling process. In the next step, in order to check the approach of the system towards genuine local equilibrium, we compare the local slope of the model transverse-momentum spectra with the local slope of the fully equilibrated reference spectra characterised by the effective temperature that reproduces the energy density of the system. We find that the viscosity corresponding to the AdS/CFT lower bound is necessary for thermalization of the system within about two fermis.
Introduction
The properties and space-time evolution of strongly-interacting matter produced in ultra-relativistic heavy-ion collisions at the Relativistic Heavy-Ion Collider (RHIC) and the Large Hadron Collider (LHC) are subject to intense experimental and theoretical studies for more than decade now. The detailed analyses of hadronic observables suggest that the initial processes in a short time of about one fermi give rise to a relatively well equilibrated system of elementary particles, that has been named the Quark-Gluon Plasma (QGP) [1] . Due to its non-Abelian structure, the underlying theory of such processes, Quantum Chromodynamics (QCD), is far too complex to study the system's real time dynamics. Instead, it is argued that the system, if thermalized sufficiently early, may be subsequently described in the classical framework of fluid dynamics , with initial conditions determined within some microscopic model of the initial stage, such as Color Glass Condensate (CGC)/Glasma [29] [30] [31] [32] , Monte-Carlo Glauber model [33] or IP-Glasma [34] .
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The fast thermalization, required for subsequent application of viscous fluid dynamics in such a system is, however, hard to prove and, in fact, it has been a subject of intensive studies over the last years, that identified in particular an important role of plasma instabilities [35] [36] [37] [38] [39] [40] [41] . Nevertheless, a significant progress has been done recently in this subject using microscopic approaches, both in the weak [42, 43] and strong [44] [45] [46] [47] coupling limits. Qualitatively, similar results have been also found recently in Ref. [48] in a simpler framework of the color-flux-tubes model [49] [50] [51] [52] [53] [54] [55] , where the color field dynamics is treated in the Abelian dominance approximation [56] [57] [58] [59] [60] [61] [62] (these results have been reproduced in Ref. [63] in the Monte-Carlo transport approach [64] [65] [66] [67] [68] [69] [70] ). In Ref. [48] the production of partons appears in the model through the decay of color fields by the Schwinger tunneling mechanism [49, 50, 54, [71] [72] [73] [74] [75] [76] and the thermalization is included explicitly through the introduction of the collisional kernels treated in the relaxation-time approximation (RTA) [77] [78] [79] [80] [81] [82] [83] [84] [85] .
In this paper we present a detailed study of the early-time thermalization of the spectrum of the plasma constituents in relativistic heavy-ion collisions using the framework described in Ref. [48] . At first, we find that without the collisions the system, although showing thermalized (i.e., of the exponential shape) transverse-momentum, p ⊥ , spectra, is free-streaming, with the proper-time dependence of the effective temperature described very well by the exact (0+1)-dimensional [(0+1)D] free-streaming solution found within anisotropic hydrodynamics in Refs. [13, 14] . Hence, this case may be described as apparent two-dimensional thermalization. In the next step, we argue that the inclusion of collisions with the shear viscosity to entropy density ratio,η = η/s, corresponding to the AdS/CFT lower bound of 1/(4π) [86, 87] is necessary to fully thermalize the system within about two fermis, which is required for subsequent application of viscous fluid dynamics. By full thermalization in this context we mean reaching local equilibrium, where the system is isotropic in the momentum space and the three-dimensional spectra correspond to equilibrium distributions. Finally, we show that the deviations of the exact spectra predicted by our model from the fully thermalized ones may be very well handled with the usage of the standard viscous hydrodynamics phase-space distribution function obtained within Grad 14-moment approximation. We identify this fact with the so called hydrodynamization of the system [46] .
The structure of the paper is as follows: In Sec. 2 we introduce the Bjorken symmetry and several parametrizations used in the calculations. In Sec. 3 we review the version of the color-flux-tube model introduced first in Ref. [48] . In Sec. 4 we derive the formulas for the transverse-momentum spectra of partons using the Cooper-Frye formula. In Sec. 5 we discuss our results for the collisionless plasma and plasma with collisions included. We summarize in Sec. 6. In the paper we use natural units where c = 1, k B = 1, and = 1.
Imposing Bjorken symmetry
In the case of (0+1)D, longitudinally boost-invariant and transversally homogeneous expansion (commonly referred to as the Bjorken model [88] ), it is convenient to introduce Milne parameterization of Minkowski space-time coordinates
where τ ≡ √ t 2 − z 2 is the longitudinal proper time and η ≡ tanh −1 (z/t) is the spacetime rapidity. The corresponding boost-invariant parameterization of the particle fourmomentum is
where
⊥ is the transverse mass and y ≡ tanh −1 E/p is the rapidity.
For the particles on the mass shell we have
, where m is the particle rest mass. The flow of matter is fixed by the Bjorken symmetry and has the form [88] 
We introduce also the other two convenient boost-invariant variables [51] which mix space-time and four-momentum coordinates, namely
We note that
The requirement of boost-invariance implies that all scalar functions of space and time depend on τ solely, whereas the phase-space distribution function may depend only on τ , w and p ⊥ [51] , i.e., f (x, p) = f (τ, w, p ⊥ ). The integration measure in the momentum sector of the phase-space is dP = dp d
In what follows we neglect masses of quarks and set m = 0.
3. Quark-gluon plasma dynamics in the color-flux-tube approach Henceforth, we consider a quark-gluon plasma whose dynamics in the Abelian dominance approximation [56] [57] [58] [59] [60] [61] [62] may be described within the following transport equations
for quark, antiquark, and charged-gluon single-particle phase-space distribution functions, respectively, see Ref. [48] . The terms on the left-hand sides of Eqs. (6)- (8) describe the free-streaming of particles and their interaction with the mean color
, with the only non-vanishing component corresponding to the longitudinal chromoelectric field, F 30 = E. The partons couple to the field through the charges i (for quarks), − i (for antiquarks), and η ij = i − j (for gluons) [89] , where the colour indices i, j run from 1 to 3.
The first terms on the right-hand sides of Eqs. (6)- (8) describe the particle production due to the decay of the color field through the Schwinger tunneling mechanism [49, 50, 54, 71, 72] and they are given by the formula dN/dΓ inv = Rδ(p )p 0 , where
and
where σ q(g) is the string tension for quarks (gluons), g is the strong coupling constant, θ is the step function and index f denotes the quark flavour. The last terms in Eqs. (6)- (8) describe the collision terms which herein are treated in the relaxation time approximation [77] [78] [79] 81 , 82]
with g s = 2 being the spin degeneracy. The relaxation time is expressed through the shear viscosity to entropy density ratioη as τ eq (τ ) = 5η/T (τ ) [90] [91] [92] [93] [94] [95] .
It is straightforward to check that in the case of (0+1)D Bjorken expansion the kinetic equations (6)- (8) have the following formal solutions [48] 
where we introduced the damping function D(τ 2 , τ 1 ) = exp −
dτ /τ eq (τ ) . The functions ∆h, which are eventually integrated out when calculating the spectra of particles (see Eq. (18)), are defined in [48] .
The initial chromoelectric field spanned by the colliding nuclei follows from the Gauss law applied to single color flux tube and is set by the condition E = 2σ g /A k q, where σ g = 3 σ q = 3 GeV/fm, A = πR 2 ⊥ = 1 fm 2 is the transverse area of a tube, k = 10 [48] is the number of color charges spanning the tube, and q is the color charge of quark or gluon. In consequence the strong coupling constant is g = 6 A GeV/fm ≈ 5.48.
Transverse-momentum spectra
The transverse-momentum spectra may be calculated from the Cooper-Frye formula [96] dN
where dΣ µ (x) is the element of the freeze-out hypersurface which may be obtained with the help of the expression known from differential geometry [97] 
Here ε µαβγ is the totally antisymmetric Levi-Civita tensor with ε 0123 = 1. Assuming that the freeze-out occurs on the constant proper time hypersurface defined by the condition τ = const we get dΣ µ = u µ τ dx dy dη. Since the system is transversally homogeneous we may arbitrarily set the transverse radius, R ⊥ , of the system in such a way that the integration (16) gives the production per unit area, A = 1 fm 2 . Using Eqs. (2), (3), and (5) we have p · u = v/τ , which allows us to rewrite Eq. (16) in the form
where we changed the integration measure using vdη = dw. In the special case, where the system is locally in the equilibrium state, the distribution function has the form (14) leading to the following transverse-momentum spectrum
where K 1 is the modified Bessel function of the second kind. We note here that for p ⊥ T Eq. (19) scales as √ p ⊥ T exp (−p ⊥ /T ), hence, to a good approximation it is an exponential.
In what follows we assume that the system distribution function is the sum of the quark and gluon distribution functions (15)
Using Eq. (20) in (18) we get
where in the numerical calculations we take N f = 2.
Results
In this Section we analyse the momentum spectra of partons produced in the system defined above. In order to have the reference case, we first consider the plasma without collisions, which is formally obtained by setting the ratio η/s to infinity. Subsequently, we move to the discussion of the influence of collisions on the system behaviour. The effect of collisions is included by the RTA collisional kernels.
Collisionless plasma
Let us first consider the plasma production described by Eq. (21) excluding the collisions of particles, which corresponds to settingη = ∞ ‡. In this case, already after a short time, τ ≈ 0.5 − 1 fm, the shape of the parton spectrum becomes frozen, see the left panel of Fig. 1 . In order to study the proper-time evolution of the spectra in more detail, in the right panel of Fig. 1 we plot the negative inverse logarithmic slope λ of the spectrum defined in the following way We observe that after the evolution time τ = 0.5 fm the transverse-momentum spectrum is approximately exponential down to p ⊥ ≈ 500 MeV and exhibits a strong enhancement at low p ⊥ . Exponential shape of the spectrum results from the tunneling in the changing/oscillatory color field [98, 99] . It may be interpreted as apparent thermalization of transverse degrees of freedom §. Nevertheless, one should keep in mind, that at the LHC energies considered herein (see also the results presented in Ref. [48] for k = 10) the low-p ⊥ peak extends to higher values of the transverse momentum, as § Apparent thermalization in this case means that the exponential, thermal-like shape of the transversemomentum spectrum results solely from the specific mechanism of particle production rather than from the particle collisions that gradually drive the system towards local equilibrium.
compared to the case of low energies considered in Ref. [99] . In our case the p ⊥ region below 500 MeV consists of almost 45% of the particles present in the system, while the particles with p ⊥ < 1 GeV make up ≈ 75% of the total yield. Thus, the concept of apparent thermalization may be questionable in our case.
It is interesting to note, that the low-p ⊥ peak may be traced back to the singularity in the quark production rate in Eq. (9) at p ⊥ = 0, that may be reduced if a finite, constituent quark mass is considered, see dotted line in the left panel of Fig. 2 . In the right panel of Fig. 2 we present the proper-time dependence of the p ⊥ -integrated parton yield per unit rapidity, separately for quarks (solid line) and gluons (dashed line). We see that quarks are more abundant than gluons, and both are produced mainly during the first fermi of the time evolution. As the color field decays below the parton production threshold, the particle production is strongly suppressed. After that time, partons just stream freely in the transverse direction, which is visible in the frozen transverse-momentum spectrum, and oscillate longitudinally in the remnant color field (see the dotted line in the right panel of Fig. 1 from Ref. [48] ).
Finally, we stress that the slope parameter λ (≈ 400 MeV) read off from the right panel of Fig. 1 at τ = 1 fm is quite different from the effective temperature T (≈ 300 MeV) calculated at the same proper time. The latter can be read off from the left panel of Fig. 3 . This difference may be easily understood in the following way. If η/s is sufficiently large, the partons, once produced, are effectively free-streaming, see Eqs. (6)- (8) . In this case, for the boost-invariant and transversally-homogeneous system, the momentum-space anisotropy in the local rest frame, ξ(τ ), evolves according to the formula ξ(τ ) = (1 + ξ(τ 0 )) (τ /τ 0 ) 2 − 1 and the effective temperature, by the force of so called Landau matching is T (τ ) = R(ξ(τ )) 1/4 Λ(τ ), where Λ is the transverse temperature [13, 14] . The latter is equivalent to the slope parameter λ (which in the caseη = ∞ is approximately constant for τ > 1 fm), and the initial anisotropy parameter, ξ(τ 0 ), may be deduced from the relation R L (ξ(τ 0 )) /R T (ξ(τ 0 )) = P L (τ 0 )/P T (τ 0 ), where we choose τ 0 ≥ 1 fm. The functions R, R L , R T are defined in Ref. [13] , while longitudinal, P L (τ ), and transverse, P T (τ ), pressures are taken from Ref. [48] . The resulting T (τ ), including uncertainty connected with the choice of τ 0 , agrees very well with the case η/s = ∞ in Fig. 3 .
Plasma with collisions
In this section we present the study of the parton production, including the collisions in the system, as calculated using Eq. (21). In the left panels of Fig. 4 we show the p ⊥ spectra of partons for a broad range of the shear viscosity to entropy density ratio, from η/s = 1/(4π) (top), through η/s = 3/(4π) (middle), to η/s = 10/(4π) (bottom), and for various times of the proper-time at freeze-out (as indicated in the figures). We observe that the spectra have exponential, thermal-like shapes for all proper times and
The low-p ⊥ enhancement is not observed in Ref. [63] , where exclusively the gluon spectrum is considered. Left panels: The p ⊥ spectra of partons calculated using Eq. (21) for η/s = 1/4π (top), η/s = 3/4π (middle), and η/s = 10 (bottom), and various freeze-out proper times. Right panels: Corresponding inverse logarithmic slopes of the spectra. The dashed lines in the top figure denote the slope of the fitted Boltzmann equilibrium spectrum.
values of η/s except for very early proper times, τ < 0.5 fm, and/or the low momentum part of the spectra, p ⊥ < 500 MeV.
The exponential shape of the transverse-momentum spectra does not necessarily mean that the system is in local equilibrium. To conclude about the local equilibrium we have to analyse also the longitudinal spectra. Alternatively, we may compare the local slope of the transverse-momentum spectrum with the local slope obtained for the three-dimensional equilibrated system characterised by the effective temperature obtained from the Landau matching. In view of the discussion in Section 5.1, in the right panels of Fig. 4 we compare the local slopes of the p ⊥ -spectra from the left panels (solid lines) with the local slopes resulting from Eq. (19), i.e., for a locally equilibrated system of classical particles, λ eq = T K 1 (p ⊥ /T )/K 0 (p ⊥ /T ) (dashed lines in the bands), where the effective T (τ ) is presented in the left panel of Fig. 3 .
For the lower bound η/s = 1/(4π), see the right top panel of Fig. 4 , we observe that only for τ > 1 fm the effective temperature of the system obtained from the Landau matching condition (T = 285 MeV) gives the slope parameter λ eq (p ⊥ ) well describing the actual λ(p ⊥ ) (in order to judge the deviation of λ eq from the exact λ in Fig. 4 we introduced the error bands showing the change of T by ±5%). This suggests that the plasma approaches full local equilibrium at the proper time of about 2 fm. On the other hand, at earlier times the spectra are off equilibrium, with the largest differences observed at low p ⊥ . Thus, as expected, the inclusion of collisions specified by the lower bound of η/s = 1/(4π) results in the almost complete thermalization of the system within 2 fm. Moreover, the collisions, as included within RTA, seem to be more efficient in thermalizing the system at low p ⊥ , while, surprisingly, large-p ⊥ part of the spectrum goes slightly off equilibrium once the collisions are included.
In the middle panels of Fig. 4 we present the analogous analysis as in top panels, however, here we consider η/s = 3/(4π). We observe that the large value of the shear viscosity prevents the system from fast thermalization. It is especially visible at low momenta where the slope of the spectra deviates from the thermal one, compare the top panels. From the left panel of Fig. 3 we see that the effective temperature at τ = 1 fm is similar for all values of η/s. However, the slope in Fig. 4 deviates from this value significantly. We expect, however, that the observed anisotropies are small enough to be addressed within the perturbative viscous fluid dynamical modeling.
Finally, in the bottom panels of Fig. 4 we present the case of η/s = 10/(4π). In this case the system does not thermalize, which may be again deduced from the slope, which does not decrease in time fast enough, as compared to the dashed lines shown in the figure. Altogether, this case is similar to the case described in Section 5.1. Large deviations from equilibrium suggest that in this case in order to describe the system within an effective fluid dynamical picture it may be necessary to use more sophisticated approaches, for instance anisotropic hydrodynamics [13, 14] .
Thermalization versus hydrodynamization
The last point which we want to address is the question whether, although not completely thermalized, the system presented above may be still reasonably well described within some effective dissipative fluid dynamical framework, for instance with the standard viscous fluid dynamics by including perturbative corrections to the local equilibrium distribution given by Eq. (14) . The latter concept is referred to as the hydrodynamization of the system and it was first proposed by Heller et al. in Ref. [46] .
In the (0+1)D case the distribution function ansatz for conformal (massless) classical system of particles within viscous fluid dynamics has the form [100] 
where π µν = diag (0, π/2, π/2, −π), π = 2(P ⊥ − P )/3, and ε and P are equilibrium energy density and pressure, respectively. Inserting formula (23) into Eq. (18) we may subsequently obtain respective λ visc using Eq. (22),
withp ⊥ = p ⊥ /T and a = (P T − P L )/(8 ε). In the left panel of Fig. 4 the results of Eq. (24) (thick dotted lines) are compared with the values of λ for the case η/s = 1/(4π) (solid lines) and with the equilibrium results λ eq (dashed lines). We clearly see that the inclusion of viscous corrections improves significantly the description of the transient non-equilibrium behaviour of the exact results at large p ⊥ . Finally, in the right panel of Fig. 4 we show that the values of λ visc are close to those of λ also in the case of η/s = 3/(4π) (compare the respective case in Fig. 4 ).
Conclusions
In this paper, extending the scope of Ref. [48] , we have presented a detailed study of the proper-time dependence of the spectra of partons produced in the color-flux-tube model. The calculations have been performed for different ratios of the shear viscosity to the entropy density. We have studied the interplay between the production of particles by the Shwinger tunneling process and their equilibration due to the collisions. We have found that the collisions in the system are required to thermalize the system eventually in all three directions in momentum space. Otherwise, the parton spectrum, although apparently thermal in the transverse direction, does not correspond to a true local equilibrium state. In the collisionless case the effective temperature of the system is shown to drop accordingly to the free-streaming solution found within anisotropic hydrodynamics framework. If the collisions are included, the value η/s ≈ 1/(4π) is necessary to bring the system to the full local equilibrium state within ≈ 2 fm. On the other hand, the hydrodynamization of the system, that is the time when the fluid dynamical framework is applicable, is achieved within less than 1 fm.
